Abstract. Let I ⊂ R be an ideal of a complete Cohen-Macaulay local ring of dimension n. We will show that the natural homomorphism
Introduction
Let (R, m, k) be a Noetherian local ring. For an ideal I ⊂ R we denote H i I (R), i ∈ Z, the local cohomology module of R with respect to I (see [1] and [4] for the definition). For an R-module M consider the natural homomorphism R → Hom R (M, M), r → f r where f r (m) = rm for all m ∈ M and r ∈ R. In general, this map is neither injective nor surjective. Recently there is a lot of work on the study of the endomorphism ring Hom R (H c I (R), H c I (R)) for c = grade(I). For instance Hellus and Stückrad (see [6] ) have shown that if R is a complete local ring and H i I (R) = 0 for all i = c then the natural homomorphism R → Hom R (H c I (R), H c I (R)) is an isomorphism. They also have proved that the same result is true for the Matlis dual of the module H c I (R). In the case of a local Gorenstein ring Schenzel (see [11] ) has investigated that the endomorphism ring Hom R (H c I (R), H c I (R)) is a commutative ring. Moreover Eghbali and Schenzel (see [3] ) have shown that if R is a complete local ring of dimension n then the endomorphism ring Hom R (H n I (R), H n I (R)) is a commutative semilocal ring and finitely generated as an R-module. Here we will extend some of these results to the case of a finitely generated R-module M (resp. the canonical module). In particular we prove the following result: Theorem 1.1. Let R be a complete local ring of dimension n and I ⊆ R be an ideal. For a finitely generated R-module M let grade(I, M) = c. Then the following are equivalent:
This generalizes the result originally proved by Schenzel (see [10] ) in case of M = R. In order to construct these natural homomorphisms we adopt the techniques developed in [10] . Moreover if M = R a complete Cohen-Macaulay ring and I ⊆ R is a cohomologically complete intersection ideal (i.e. H 
is an isomorphism and for all i = c
In the above Theorem 1.2 K R denotes the canonical module of R (see [2] for its definition and basic results). Moreover for a finitely generated R-module M and the two ideals J ⊂ I of R such that grade(I, M) = grade(J, M) = c there is a natural homomorphism
In the following result there is a necessary condition such that this natural homomorphism becomes an isomorphism. 
This generalizes the results of Schenzel (see [9, Theorem 1.2] ) to the case of a finitely generated R-modules (resp. the canonical module). Moreover corresponding results are true for
Preliminaries
In this section we will fix the notation of the paper and summarize a few preliminaries and auxiliary results. Let (R, m) be a commutative Noetherian local ring with m the maximal ideal and k = R/m the residue field. Furthermore we will denote the Matlis dual functor by D(·) := Hom R (·, E) where E = E R (k) is the injective hull of k.
Here we will give a criterion of calculating grade of any ideal which is completely encoded in terms of vanishing of the Tor modules. Before this we need the following Proposition. Note that this was actually proved by Schenzel (see [10, Thoerem 2.3] ) for M = R. For the definition of grade and its properties we refer to [2] . Proposition 2.1. Let I be an ideal of a ring (R, m) and M be a finitely generated Rmodule such that c = grade(I, M). Suppose that N is any R-module with Supp R (N) ⊆ V (I) then the following holds:
(a) There is an isomorphism
and for all i < c Tor (
For the proof see [5, Example 3.6 ].
In the next as an application of Proposition 2.1 we will give a characterization of grade:
Corollary 2.3. Fix the notation of Proposition 2.1 then we have:
Proof. By Proposition 2.1 it will be enough to show that Tor Note that the following result is an extension of the Local Duality Theorem which was proved by Grothendieck (see [4] ). Here we will generalize it to cohomologically complete intersection ideals I ⊆ R. 
Proof. It is enough to prove the statement (a) because of Lemma 2.2(1). To do this we will show that the family of the functors {Tor In order to prove one of the main results we need the definition of the canonical module. To do this we recall the Local Duality Theorem (see [4] ). Let (R, m) denote a homomorphic image of a local Gorenstein ring (S, n) with dim(S) = t. Let N be a finitely generated R-module. Then by the Local Duality Theorem there is an isomorphism (N, S) ) for all i ∈ N (see [4] ). Now we are able to define the canonical module as follows: Definition 2.5. Under the circumstances of the above Local Duality Theorem we define (N, S) , dim(N) = r as the canonical module of N. It was introduced by Schenzel (see [8] ) as the generalization of the canonical module of a Cohen-Macaulay ring (see e.g. [2] ).
On The Endomorphism Ring
For an R-module M there is a natural homomorphism
where f r : M → M, m → rm, for all m ∈ M and r ∈ R. This homomorphism is in general neither injective nor surjective. In this section we will generalize one of the main results of [6, Theorem 2.2] and [9, Theorem 1.2] to a finitely generated module (resp. the canonical module). To do this we need the definition of the truncation complex which is actually introduced by Schenzel (see [8] ). Let (R, m) be a local ring of dimension n and M be a finitely generated R-module. Let I ⊆ R be an ideal of R with grade(I, M) = c.
where 
This induces the following isomorphisms in cohomologies
for all i ∈ Z. This completes the proof of (a). By Lemma 2.2 there is an isomorphism
for all i ∈ Z. Again by Lemma 2.2 and Matlis Duality we get that
Hence the equivalence of the vanishing of the statement (b) is easy by virtue of (a) and the isomorphisms 3.1, 3.2. 
Proof. Firstly note that by Lemmas 3.2 and 3.3 it is enough to prove the statement (a). To this end note that the canonical module K R of R exists and
(see [2] ). It follows that c = grade(I, K R ). Let E · R (K R ) be a minimal injective resolution of K R then apply the functor Hom R (., E · R (K R )) to the short exact sequence of the truncation complex. It induces a short exact sequence of complexes of R-modules
is a complex of injective R-modules. By the definition of the section functor Γ I (·) and a standard isomorphism for the direct and inverse limits the complex in the middle is isomorphic to
). For the last isomorphism note that R/I r is a finitely generated R-module for all r ≥ 1.
. By definition of Hom of complexes we have
Therefore X k , k ∈ Z, is a flat R-module. Since R is Cohen-Macaulay so H i m (R) = 0 for all i = n. By the Generalized Local Duality (see Lemma 2.4) this implies that
. To this end recall that R is Cohen-Macaulay and K R is of finite injective dimension. Then it implies that X k = 0 for all k > 0. Hence the complex X becomes a flat resolution of R. So the cohomologies of the complex lim Note that the following Proposition is actually proved by Schenzel (see [9, Theorem 1.2] ) in case of a complete Gorenstein local ring. Here we will give a generalization of it to a finitely generated module M over an arbitrary local ring R. To prove the last statement (c) assume that R is complete. Then by (a) and Lemma 3.2 (a) there is a natural homomorphism
